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ABSTRACT 

Wc propose a universal geometric formulation of gauged supergravity in terms of a 
twisted doubled torus. We focus on string theory (M-theory) reductions with generalized 
Scherk-Schwarz twists residing in the 0(n, n) (Ey^y)) duality group. The set of doubled 
geometric fluxes, associated with the duality twists and identified naturally with the em- 
bedding tensor of gauged supergravity, captures all known fiuxes, i.e. physical form fiuxes, 
ordinary geometric fluxes, as well as their non-geometric counterparts. Furthermore, we 
propose a prescription for obtaining the effective geometry embedded in the string theory 
twisted doubled torus or in the M-theory megatorus and apply it for several models of 
geometric and non-geometric flux compactifications. 



1 Introduction 



Supergravity theories are usually studied as low-energy effective models of String Theory. 
Up to now, however, there are by far more possible supergravity realizations than those 
explained by String Theory reductions. The higher-dimensional origin of 4-dimensional 
supergravity models is especially important if we want to make contact between String 
Theory and phenomenology. Understanding which theories can be embedded into String 
Theory and which cannot, allows us to select consistent approaches for model building. 
Massive deformations of supergravity theories have a prominent position in this analysis. 
These theories allow for a stabilization of the moduli fields, which typically plague string 
effective theories, and for a non-trivial cosmological constant. 

There are several ways of obtaining these supergravities from String Theory reduc- 
tions. Compactifications on group manifolds, or certain coset spaces, give effective 4- 
dimensional actions that not only reproduce the original vacuum around which the theory 
was expanded, but also take into account certain deformations of the geometry of the 
internal space in a potential for the scalar fields. In these models, the gauge group of the 
effective theory is related to the symmetry group of the internal manifold. 

Other approaches leading to gauged supergravities are Scherk-Schwarz reductions 
PP, which recently have received a new interpretation as compactifications on twisted 
tori [2], and flux compactifications [3]. In these reductions the non-trivial structure 
of the effective theory gauge group follows from the couplings of the vector fields to 
the expectation values of the higher-dimensional form fields or to the torsion of the 
twisted manifold. Despite the great activity in the field, which consists in identifying 
and classifying effective supergravities arising from String Theory reductions that use the 
above mentioned approaches, it is clear that these cover only a percentage of the possible 
4-dimensional realisations. 

As often in the past, the use of duality relations on these effective theories and on 
the structure of the scalar potentials has revealed a structure larger than expected and 
the possibility of deriving more and new supergravity models by employing additional 
"non-geometric" fluxes [4j. Although the existence of these fluxes can be argued from 
the effective theory data, we still cannot clearly explain their precise higher-dimensional 
origin. As the name suggests, these fluxes are often associated with reductions of String 
Theory on spaces that are not expected to have a global (or even local) geometric descrip- 
tion. For this reason the task of verifying the validity regime of the resulting supergravities 
has become extremely challenging. In some cases we don't even know if there is a good 
way to describe String Theory on such backgrounds. 

A step forward in trying to understand the origin of these models is given by the 
doubled formalism 0-[9], where, by doubling the coordinates of the internal space, one 
can obtain a description of String Theory and its effective models that allow for an explicit 
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use of T-duality transformations. The basic idea underlying the doubled formalism is 
that, for genuinely stringy backgrounds such as the "non-geometric" ones, the winding 
modes of the string play an equally important role as the momentum modes and one 
should double the number of coordinates in order to account properly for both. 

In this paper we aim to fill the gap existing between gauged supergravity theories and 
String Theory by providing a possible scheme for embedding any gauged supergravity 
theory with arbitrary gauge group (compatible, of course, with its embedding in the 
duality group) into a twisted version of the doubled formalism. This is a generalization 
of the Scherk-Schwarz reduction, known also as twisted torus compactification, to the 
case of doubled tori. The introduction of twist deformations to the ordinary reduction on 
the doubled torus gives a realization of all possible geometric and non-geometric fluxes, 
according to the type of coordinates and generators used in the twist matrices. The 
interesting feature of this approach is that one has information not only on the effective 
theory but also on the compactifying space. We discuss how the ordinary geometric 
data can be recovered from the twisted doubled geometry, by projections, and how the 
monodromies of the full space affect the global description of the reduced space. 

In this paper we mainly focus on the Af = 4 models that can be derived by reduction 
of heterotic theory on a twisted doubled T^, models that give rise to effective theories with 
gauge groups whose representation on the gauge field strengths is embedded in the 0(6, 6) 
T-duality group. However, a similar approach may be extended to more general models 
that lead to larger gauge groups embedded in the full duality group. For this reason we 
also discuss the extension of this approach to M-theory, proposing an embedding of all 
possible A/" = 8 models into a "twisted megatorus" of dimension 56. 

Note added: While this paper was in preparation we received the preprint [13] whose 
discussion overlaps part of section [2] 

2 Scherk-Schwarz on a doubled torus 
2.1 Compact ificat ions on twisted tori 

In [T] , Scherk and Schwarz proposed a reduction scheme to obtain massive deformations 
of ordinary Kaluza-Klein reductions of gravity theories on tori by allowing a special 
non-trivial dependence of the spacetime fields on the internal coordinates. Since this 
dependence has eventually to disappear from the effective theory, it must be related to 
some symmetry acting on the lower-dimensional fields. 

When reducing a theory of gravity on a n-dimensional torus T", there is a natural 
SL(n,]R) symmetry acting on the fields of the effective action that can be used for such 
a purpose. Ordinary Kaluza-Klein expansion around a T" compactification selects as 
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4-dimensional moduli the fluctuations gij{x) around the flat torus metricj^ 

^ g^^(x)dx^ ® dx" + gij{x) [dy' + A^^dx^) ® [dy^ + A'^dx'') . (2.1) 

A Scherk-Schwarz reduction selects a different set of moduli, instead. Introducing a 
dependence of the fluctuations on the internal coordinates by a twist matrix Wj{y), 
one obtains a new field expansion. For instance, for the metric field we have gki{x,y) = 
gij{x)U\{y)U^ i{y) . The reduction Ansatz is then realized by an expansion in fluctuations 
around a non-trivial metric described by new vielbeins 1]^ = Wj{y)dy^: 

ds^ = g^,u{x)dx^ ® dx" + g[^{x) [r]' + A^rfx^) [r]^ + Aidx") . (2.2) 

These vielbeins describe a space that is a deformation of the original torus and for this 
reason such a reduction is also known as "compactification on a twisted torus" [21 ITU] . 
The word "twisted" refers to the twisting of the frames 77' with respect to the usual 
coordinate differentials dy^ by the matrix U'^j{y). An equivalent way of thinking about 
this reduction is as a reduction on an ordinary torus but in the presence of a non-trivial 
spin connection condensate or torsion ISKTOlIII], therefore justifying the term "geometric 
fluxes" . 

The requirement that the y-dependance of the full Lagrangian is trivial upon inserting 



the reduction Ansatz (2.2) implies an important consistency condition: the vielbeins r/* 



describe a group manifold, i.e. 
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dri' = -^^r],r^' (2-3) 



for constant rj^^^. As the reduction Ansatz (|2.2|) suggests, half of the isometry group of this 



group manifold, in this case the group of right-translation^ becomes the gauge group of 



the effective lower-dimensional theory. Consequently the r-constants appearing in (2.3) 
are the structure constants of the gauge group 



[Z„Z,.]=r^.Z,. (2.4) 



Moreover, twisting the torus induces a potential for the Scherk-Schwarz moduli fields 
9'ij{x) given by [I] 

V = 2t],tI, g''^ + Tj, t;^ gLd'^^'g"''. (2.5) 



Formula (2.4) implies that there is a constructive way to define the twist matrices 
and hence the reduction Ansatz for a given gauge group Q C SL(r7,,]R). One starts by 
selecting a group representative giy) = exp{y^Zi) G Q, where Zi are the generators of 



the algebra g (2.4). Then one extracts the vielbeins r/* by inspection of the left-invariant 



^Zero fluctuation of the metric field means gij{x) — Sij. 

^Recall that the left-invariant vielbeins on a group manifold are dual to the left-invariant Killing 
vectors that generate right translations. 
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Maurer-Cartan form Q = g~^dg = rj^Zi. Finally, in order for the theory to be consistently 
defined on a compact space, one considers only groups such that a left quotient r\^ with 
respect to the compact subgroup T = ^(Z) is possible. 

When reducing string theory in such a way, one has to take into account other space- 
time fields besides the metric [UEKTO]. The same type of reduction can be extended to all 
other string theory fields, like the universally present 2-form field B or other higher rank 
form fields. The resulting supergravity theory is still going to be a gauged supergravity, 
its gauge group, however, is not going to be just Q due to the existence of extra vector 
fields coming from the reduction of the form fields (for instance B^i from the universal 
2-form). Typically, the twisting induces a non-abelian action of the gauge symmetries 
also on them and therefore the final gauge group will be generically different than Q 
[IlEl[in],[l2]-[20]. 

The previous remark explains why a collective description of the lower dimensional 
moduli in a single generalized metric is desirable. A construction similar to the above 
one for this generalized metric would immediately give rise to an effective supergravity 
theory with the right gauge group described by the group manifold on which one reduces 
the original theory. In the following section we make a proposal on how to obtain such a 
description from twisting the doubled torus of [6]. 

2.2 Twisting the doubled torus 

When reducing string theory to four dimensions one has several moduli fields coming 
from different sources: the metric as well as the various form fields appearing in the 
ten-dimensional theory. A collective description of them in a unique generalized metric 
would be desirable, but for simplicity one can focus first only on the common sector of all 
string theory models described by the metric and the -B-field system. In the reduction of 
the common sector to 4 dimensions one finds that the moduli fields describe the following 
non-linear a- model pT] : 

SQ(6,6) 

S0(6) X S0(6)' ^ ■ ' 

The 36 degrees of freedom parametrizing the above coset consist of the fluctuations 
of the metric Qij and of the 2-form field Bij in the internal space. These can be collected 
in a suggestive 0(6,6) matrix 

nj 1 9ij — BikQ^^Blm BikQ^'- \ . , 

-g^'B,, g^^ )■ ^2.7) 

This matrix has the right properties to be interpreted as the generalized metric of a 
doubled internal space with coordinates 
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so that SO (6, 6) has a natural action on them [H]. In the case of torus compactifications, a 
generalized world-sheet action has been proposed for strings living in this doubled space 

In this doubled formalism, the SO(6,6) group has a clear interpretation as T-duality 
transformations on the background and the doubled coordinates have also an obvious 
interpretation as coordinates on the original and the T-dual circles of the internal T®. 



Since Ti defined in (2.7) appears in this formalism as a metric for the doubled torus it is 
somehow natural to interpret the effective 4-dimensional theories coming from this type 
of compactifications as reductions on a doubled internal space: 

dS^ = nMN{B{x),g{x)) [dY^^ + Affdxf") ® [dY^ + A^dx") . (2.8) 

The vector fields A'^^ comprise those coming from the metric and the i?-field: A'^^ = 

{g^^, Bfj^i} and there is a natural action of the duality group on them. The resulting 

effective theory is an ordinary (i.e. non-gauged) supergravity with gauge group Q = 
U(l)^2_ 

Now, if we draw a parallel to the previous discussion where a Scherk-Schwarz reduc- 
tion led to a non-abelian gauge group Q by introducing a twist matrix between the metric 



moduli and the differential on the internal space, we are tempted to generalize (2.8) by 
introducing a twisted doubled torus: 

dS^ = Hmn {B{x),g{x)) {U^^p(Y)dY^ + A^dx") ® (t/^Q(Y)dY« + A^dx") . (2.9) 

In general, these twist matrices U may depend on both the ordinary and the dual coordi- 
nates and soon we will see how this may lead to deformations of the original torus which 
may not have a global (or even a local) geometric description. 

As before, we expect that this explicit dependence cancels in the effective theory 
provided these twists define proper generalized vielbeins on T*(T^^) 

E^^ = f/%(Y)rfY^, (2.10) 

such that 

c;E^ = _lr^^M^Ar/^^p (2.11) 

for constant T. These constants can be viewed as a sort of "generalized geometric fluxes" 
and it is natural to expect that they will include geometric fluxes, ordinary physical form- 
fiuxes, but even the "non-geometric" fluxes proposed in [221 ES, EH EHl H] . Therefore, 
it should be identified with the embedding tensor of gauged supergravity. One can also 



motivate the twisting of the doubled torus by comparing the formula (2.5) for the potential 
of a Scherk-Schwarz reduction on a standard twisted torus to the scalar potential of a 
generic gauged supergravity, which schematically reads 

V ~ 2 Tjk' Til' H'"'' + Tjk' Tnp^' HiMU'^'n'''' . (2.12) 
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We see that the generahzed metric indeed plays the role of metric moduli for the twisted 
doubled torus and the embedding tensor corresponds to geometric flux for the doubled 
torus. 



The 4-dimensional fields encoded in (2.7) can be interpreted as the fluctuations around 
a generalized background metric 

fiMTvW = f/^M(Y)(5pQf/«;v(Y), (2.13) 

where 5kl = diag{+ + ...+} defines the SO(6)xSO(6) invariant metric. As in the case 



of the ordinary Scherk-Schwarz reduction, the vielbeins (2.10) can be viewed as vielbeins 
on a group manifold properly compactified by the action of a discrete group V = Q{Z). 
In this case, however, the group Q is the full gauge group of the effective theory, since 



the action on the vector fields contained in (2.9) includes all the vectors of the effective 
theory. 

At this point it is natural to ask ourselves what kind of groups can be used in this 
reduction. By analogy with the ordinary Scherk-Schwarz reduction one would expect 
Q C GL(12,]R). On the other hand, since the actual duality group is SO(6,6) one would 
expect Q C SO (6,6). The correct answer is in between. As we will explain in the next 
section, the faithful representation of the gauge group realized on the vector fields of any 
gauged supergravity may actually correspond to an algebra that is larger than the one 
realized on the curvatures. Therefore, the structure of the gauge group read from the 
commutators on the vector fields may be larger than the one that has to be embedded in 
the 0(6,6) duahty group, as would naturally follow by the Gaillard-Zumino prescription 
[26] . This interesting feature is actually true in full generality, even for ordinary Scherk- 
Schwarz reductions, and therefore we discuss it in the next section without requiring at 
first any link to the doubled formalism. 



2.3 Fluxes and symplectic embedding 

When performing Scherk-Schwarz compactifications there is often a mismatch between 
what is called the gauge group of the effective theory and the group embedded in the du- 
ality symmetries group. The gauge group obtained from Scherk-Schwarz reductions can 
be read from the actions on the vector fields, which should form a faithful representation 
of this group. If we call Xm the generators of the corresponding algebra in the faithful 
representation and Xm those in the adjoint, the latter being embeddable in the duality 
algebra, one sees that the group generated by Xm is a contraction of that generated by 
Xm ■ More precisely, the abelian ideal 3, comprising of generators which act trivially on 
the curvatures, has been removed: 

g = g/3. (2.14) 

To be more explicit, take the action of the gauge transformations on the vector fields 
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and their covariant field strengths: 



de 



M 



Imp e ^ , 



— Inp e -r • 



(2.15) 
(2.16) 



If one computes the commutator of two such transformations on the gauge vectors, form- 
ing a faithful representation of the gauge group, one gets 



M 



(2.17) 



and therefore one always obtains a non-zero result for non-commuting generators. On 
the other hand, if one takes the same commutator on the field-strengths one gets a zero 
on the right hand side any time the commutator closes on a generator of X which is not 
X, i.e. any generator which has a trivial action on the curvatures. 

Let us illustrate the above point by considering the case of the Heisenberg group 



Xi, X2 



X.. 



This can be realized on the gauge field strengths as 

5A^ = de\ 

SA' = de' + e'A'-e^A\ 



(2.18) 

(2.19) 
(2.20) 
(2.21) 



It is trivial to show that the commutator (2.18) on correctly gives the action of X3 on 



the same vector. This action is faithful only because of the inhomogeneous term in the 
transformation rules of the connections. On the field strengths one gets 



5F' 
6F^ 



0, 



SF^ = e^F'^-e^F^. 



(2.22) 
(2.23) 
(2.24) 



Despite the non-trivial action on F^, the commutator of the Xi and X2 generators on F^ 
closes to zero giving 

[Xi,X2]=0. (2.25) 

The action of X3 is trivial: X3 = 0. This is the adjoint action and for this action the 
generators commute and can be embedded in the duality group. This explains why often 
the full gauge group Q cannot be embedded in the duality group. Only a contraction, 
where the generators of the ideal 2f have been set to zero, can be effectively embedded 
in the duality group. The most extreme manifestation of this phenomenon is the case 
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of an abelian gauge group U(l)^^; obviously the faithful representation of that group 
cannot be embedded in the fundamental of 0(6,6) whereas the adjoint one, consisting 
of trivial generators equal to zero, admits also a trivial embedding. More interesting 
gauge algebras exhibiting this property were found in flux compactifications of String or 
M-theory [El [IHl US] . 

Coming back to the doubled formalism, all of the above applies also to the twisted 
doubled torus which is a discrete quotient r\^ of a group manifold Q. The group Q may 
be non-semisimple and thus its adjoint representation may not be faithful (for instance, 
as we saw above, if the corresponding Lie algebra g has central elements, the adjoint 
representation of these would be trivial). This affects the construction of the vielbein 



(2.10) on Q as follows. 



Let Xm be generators of the Lie algebra g of ^ in a faithful representation, satisfying: 

[Xmt Xn] = Tmn^ Xp . (2.26) 

The Xm denote a basis of generators of q in the adjoint representation: 

iXM)N^ = Tnm^ ■ (2.27) 

The group Q is the gauge group of the effective gauged supergravity and therefore the 
adjoint representation of g has to be embedded in the fundamental representation of the 
duality algebra o(6,6). This means that the Xm generators can be expressed as linear 
combinations of the generators of the fundamental representation of the duality group 

Xm = Oki'^ta-, (2.28) 

through the embedding tensor 9m°' ■ This requirement implies that on the tangent space 
of Q one can define an 0(6, 6) invariant metric T: 

The existence of this metric will be crucial when we will try to give an ordinary spacetime 
interpretation to the internal manifold. 

It can now be seen how the doubled vielbein follows from a generic element of Q that 



is constructed from the faithful representation (2.26): 

^(Y) = e^*'^*^ (2.30) 
The left-invariant one-form determines the vielbein E*^: 

g~^dg = ¥.^'' Xm = U^ MX^dY^'^ . (2.31) 
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Moreover, from the same construction one can also determine explicitly this vielbein and 
especially the "twist matrix" U'^mO^)- It is very interesting to notice that it can be 
expressed in terms of the generators in the adjoint representation Xm only: 



N 



U'^M = + (2.32) 
2.4 Ordinary geometry from a doubled space 

So far we mainly discussed how a twisted version of the doubled geometry may lead to 
general gauged supergravities that include all known models. In this section we want to 
address the problem of understanding the geometry described by the doubled vielbeins 
E^^ in terms of an ordinary 6-dimensional space. 

Before the twisting, the doubled space is that of a torus T^^ that is a trivial fibration of 
one over another T^. When the twist is introduced, the new doubled space described 
by the Hmn metric is a (compact) group manifold of dimension 12. However, this total 
space can still be described as a fibration of a 6-dimensional space on another, provided 
we manage to describe properly the split into a base and fiber. The existence of an 



0(6, 6) -invariant metric Imn (2.29) on the tangent space of Aiu = T\Q comes to the 
rescu^ As we saw in (2.28), the adjoint representation of the algebra generating the 
group manifold Q has to be embedded in the fundamental representation of the duality 
group. This means that the vielbeins, which transform in the co-adjoint of Q, transform 
also in the (dual of the) fundamental of 0(6,6). Then, the 0(6,6) invariant metric can 
be used to define an inner product on the cotangent space of A4i2 

(E*^E^) = J^^^, (2.33) 

so that locally T*(A1i2) splits into the sum of a tangent and cotangent space on a 6- 
dimensional space 

T*{Mu) = T*{Me)+T{Me). 



The inner product (2.33) yields an almost product structure that for twists in 0(6,6) 



can be applied also to the basis of differentials dY. Using (2.10) we can see that the inner 
product inherited by the basis of differentials is 



{dY, dY) = U-^I {U-^Y = l'\Y). 



(2.34) 



If the twists U are in 0(6,6) the metric 7 is actually identical to X. This implies that one 
can really consider the differentials of the dual coordinates dyi as the basis of vectors on 



•^Notice that we are mostly interested in the case d = 6 but the discussion below is general and does 
not depend on the actual value of d. 
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Figure 1: The tangent space on a torus T(T^) = {Aj^ + G M} splits into the 

tangent space on its base circle T(S^) = {Aj^,A G M} plus its cotangent space T*{E)^) = 
{\dy ~ AJ^, a G M} ti;/ien i/iere zs a natural 0(1,1) inner product pairing J- and 



the tangent space of the manifold M.q described by the coordinates (see Fig. 1) : 

^ ■ ^ d 

{dy\dyj) = 5] ^ dyi = —. 

Moreover, if f/ G 0(6,6) the doubled vielbeins can be put in the triangular form 



dv^e^ 

E = I \ . ^ . I (2.36) 

by using an 0(6) x 0(6) local transformation. The doubled space can then be interpreted 
as following from an "ordinary" background described by a metric and a B-field given 
by (2.36). This does not yet imply that a well-defined global geometric picture exists, 
because, as we will see later, global issues may spoil this description. Anyway, it is impor- 
tant to understand for which group manifolds we have such a description and therefore 
which gauged supergravities can be lifted to string theory using this type of backgrounds. 

Upon inspection of (2.32), one realizes that for a generic choice of Q, the matrix U is 
not, in general, the exponential of generators of 0(6,6) and therefore it is not a group 
element of 0(6,6). However, there are instances where the right hand side of (2.32) 
becomes an 0(6,6) group element. For example, if the Xm generators (in the adjoint 
representation) are nilpotent of order 2, namely Xm ■ X^ = 0, in other words the gauge 
algebra is solvable of order 2, then U can be trivially written as an 0(6, 6) group element 

U = l + ^Y*^XM = e^^"^«. (2.37) 



10 



There may be other non-trivial solutions but it is clearly difficult to provide examples 
just by analyzing (2.32). It is therefore better to have an intrinsic characterization of the 
situations in which U gO(6,6), possibly after reparametrizations of Y. This is provided 
by the following criterion: the twist matrix U can he brought to an 0(n, n) matrix through 
a reparametrization if and only if the Riemann tensor constructed out of the metric 'Jmn 
defined in (2.34) vanishes: 

RMNp'^il) = 0. (2.38) 

First of all, it should be clear that this Riemann tensor is not related to the curvature 
of the group manifold computed from the 7i metric, which follows from E*^ ® E.'^Smn, 
instead. Then, whenever the Riemann tensor constructed from the metric 'Jmn vanishes, 
the space defined by this metric is flat and therefore there is a change of coordinates 
which brings 'Jmn = Imn- The important ingredient is that for the doubled space 
described by the discrete quotient of the group manifold Q this computation can be done 
without any explicit reference to the metric 7. Since a group manifold is homogeneous, its 
Riemann tensor is constant in rigid indices and can be expressed in terms of the structure 
constants of the group itself. If the structure constants are denoted by Tmn^ = —Xmn^i 
the doubled vielbeins satisfy 



dE^ + \TmnV = dE^ + UN^ AE^ = 0. (2.39) 

The spin connection then has the form 

where the last equality follows from the adjoint representation being embedded in 0(6,6), 
and the Riemann tensor reads: 

i?M^ = rfa;M'^-cuA/Acup^ = -^i?PQ,M^E^AE«, 

RpQ,M^ ~ ^PM^ ^QR^ — ^QM^ ^PR^ + T^PQ^ ^Rm'^ (2-41) 

— RT N 

— '^■^PQ ^RM ■ 

This allows a classification of the group manifolds that can be brought to the form of an 
ordinary doubled torus geometry with twist matrices that can be deduced from a metric 
and -B-field, just by using the intrinsic characterization given by its structure constants. 
It is actually striking that only solvable algebras of order two satisfy the above relation 
for any choice of the indices: Tmn^Trq^ = —{XmXq)^^ = 0. 

In the remainder of this section we come back to the examples where the product of the 
differentials (2.34) is not constant and therefore cannot be equal to I. When this happens, 
we can still try to make sense of the resulting space by obtaining a vielbein representation 
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of the form (2.36). When {dy'',dyj) = Sj, the identification of the differentials of the 
dual coordinates as the dual basis to {dy"^} gives a proper coordinate basis on the base 
space for its tangent and cotangent space. If, on the other hand, the inner product 
{dY^ , dY^) = 7^^^(Y) gives a coordinate dependent result, with a metric 7 that cannot 
be brought to a constant form by a coordinate transformation, the splitting of T*(A^i2) 
into T*(A^6) + T{A4q) has to be done pointwise. This means that the definition of the 
vector field basis {di} in terms of {dyi} has to have a coordinate dependent form. If, for 
instance, the metric 7 is block-diagonal but non-trivial, i.e. 

V(Y) 



7%.(Y) 

7= I „ 1, (2.42) 



one can define 



d, = {r%'dy,, (2.43) 



so that 

W,|-)=^i. (2.44) 

Defining E*'^ in terms of the {dy^,di} basis gives an 0(6,6) matrix which, therefore, can 
be put in a triangular gauge as 

/ dy^et \ 

We will discuss later one such example where we will double the twisted torus corre- 
sponding to the flat group gauging on an ordinary T^. 

In order to complete the interpretation of the base space geometry, besides global 
issues which will be discussed in the next section, one has still to make sense of the 
dependence on the dual coordinates. The explicit presence of dual coordinates yi in 
the resulting metric and 5-field may be a signal that we are actually dealing with a 
non-geometric space. From the point of view of the base space we expect these dual 
coordinates to be interpreted as non-local loop coordinates. However, it may happen that 
a gauge transformation allows us to get rid of them when going to the triangular gauge. 
Also, as we will see in the next section, we can consider setting them to zero, provided we 
take into account the effect of the monodromies involving them as an action on the fields 
of the effective theory. After all, the ordinary space is obtained by a projection from 
the global doubled torus to the 6-dimensional base parametrized by the coordinates 
and whose cotangent space is spanned by the i?* vielbeins. Hence, the projection is also 
performed by setting y^ to zero. We refer the reader to the next section for a concrete 
description of this mechanism, while we hope to return on this issue with more details 
elsewhere. 
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2.5 Global description 

In the previous subsections we described how the doubled geometry can be interpreted 
as an ordinary 6-dimensional background with a metric and a 5-field, provided certain 
conditions are met. In this section we want to discuss the effects of global constraints on 
the simple description of the doubled space given in the previous subsections. 

First of all, in order to have a globally well-defined vielbein on the full compact space 
r\^, one needs to identify the coordinates as 

Y~(7l((7,Y), (2.46) 

where aiig,^) is the left action of an arbitrary group element (7 G F (generated by right 
invariant vector fields). Since E are left-invariant 

E{aL{g,Y))= E(Y). (2.47) 

In full generality, such an identification will mix the coordinates with the dual ones yi. 
Clearly, when trying to obtain a description in terms of an ordinary twisted torus metric 
with a non-trivial S-field the dual coordinates should disappear and one should set them 
to zero in the process of projecting to the base space. On the other hand, this procedure 



may not be strictly compatible with the identifications obtained in (2.46). However we 
can still obtain a consistent picture by considering the action of the monodromy group 
for fixed dual coordinates and then take into account its effect on the base space by 
translating the action on the coordinates into an action on the fields of the effective 
theory. 

The generalized vielbein E transforms in the co-adjoint representation of Q and this 
is what defines the monodromy of the compact manifold F\^. If we denote by afj{g,Y) 
the right action of the group element gEQonY generated by the left-invariant vector 
fields, the vielbein transforms as 

E{Mg,Y))'' = gN^'mf, (2-48) 
where gjy'^ G 0(6,6). We recall that the adjoint representation of Q is embedded in 



0(6,6) as described in (2.28). For an infinitesimal transformation, parametrized by e^, 
the action on Y^^ is described by the corresponding Killing vectors 

YM ^ Y'*^ = Y^-^ + 5Y*^ = Y^-^ + (f/-^);v^ . (2.49) 

Its effect on E^ is the following: 

E^(Y') = f/(Y')%rfY'^ = E*^(Y) -e^r^P^E(Y)^, (2.50) 



which is the infinitesimal expansion of (|2.48|). An easy way to check this is to contract 



the Maurer-Cartan equation for E^ by e^'^ Xm and use lq E^ = 6^ ■ 



= L^,^^ ciE^ = i^r.^^ (-^ Tj/'W A E-^^ = -e' Tu'^E' . (2.51) 
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The monodromies following by completing the circle on the regular coordinates ?/* ~ 
+ 1 can then be compensated by an action on the g and B fields. The twisted reduction 
Ansatz 

dS' = Hmn{x) (E^ + A^') ® (E^ + A^) 

shows that an action of a (7 G F on the coordinates Y aii{g,Y) can either be seen as 
an action on the doubled vielbeins (2.48), or as an action on Hmn 

Hmn {gij{x), Bij{x)) gA/HpQ {gij{x), Bij{x)) gN^^, (2.52) 

and hence on the 4-dimensional fields gij and Bij. 

This also provides a criterion for characterizing a compactification as globally geo- 
metric, locally geometric or non- geometric. We know that the generic action of these 
monodromies is in 0(6,6) and we can split them in the three types of transformations 
which can be interpreted as a vielbein redefinition (i.e. coordinate transformation), a in- 
field gauge transformation or a so-called (3 transformation (which includes T-dualities): 

In order to recover the explicit form of the moduli transformations it is useful to rewrite 
the action (2.52) as an action on the matrix 

Mi,- = g,j + Bi^. (2.54) 

This is realized as the fractional transformation 

M ^ {DM + Q){I3M + Ay\ (2.55) 

It is then clear that a G action is simply a gauge transformation B i? + 0, while 
non-geometric transformations mixing g and B follow from any non-vanishing 13. So, 
the group Q defines a geometric compactification if and only if g does not involve (3- 
transformations. This is certainly the case if the matrix Tmn^ has this form, namely 
if 

e^'TMN^' e 0[(n,M) X {f^} C 0(6,6), (2.56) 
where the generators t^^ are defined as follows 

From the coordinate point of view, we can see that a change of the dual coordinates by 
a function of the base coordinates corresponds to a gauge transformation of the 5-field: 

= {0, Kiy)} ^ 6B,, = 9[iA,](y). (2.58) 
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Diffeomorphisms in the base space must be related to similar transformations on the 
dual space (non-trivial A matrices in (2.53) acting on both sectors). Finally, non-local 
f3 transformations are related to coordinate transformations where the base coordinates 
are changed by functions of the dual ones 



= f\y). 



(2.59) 



We will see in the next section various examples where these prescriptions are explicitly 
reahsed. 

In this framework we can also discuss T-duality. The most general global transfor- 
mation of the vielbein basis which leaves the inner product (2.33) has to belong to 
0(6,6): 



Vp e 0(6, 6) : r*'^(Y') = pN^' E^(Y') . 
The new vielbein will now satisfy a different Maurer-Cartan equation 

where 



{p-')n'{p-')p'pk''Xjj^, 



(2.60) 



(2.61) 



(2.62) 



The matrix p represents the effect of a T-duality transformation and if it is not in Q, the 
structure of the gauge group will change and thus the properties of the compactification 
manifold. In the next section we shall discuss four T-dual compactifications in detail. 



3 String theory reductions 

In this section we give several examples where we can apply the general theory described in 



the previous section. First of all we consider one example satisfying the condition (2.38), 
so that we have a clear description in terms of a metric and B-field, without introducing a 
non-coordinate basis for the tangent space of the doubled manifold. This is the toy model 
of a non-geometric compactification uncovered in [27] through T-dualitie^ Then we will 
discuss how a non-trivial geometric background, like the flat group compactiflcation of 
m , can be described by a non-trivial twisted doubled torus. 

3.1 Fluxes in a doubled 3-torus reduction 

The flrst model is based on a 3-torus, so that its double is a 6-torus carrying a natural 
action under the 0(3,3) duality symmetry. We can always think of this as a special case 



^An interesting alternative interpretation of this model in terms of generalised complex geometry was 
given in pS] . Its possible relation with the T + T* splitting was also discussed in [23] . 



15 



of a 6-torus where 3 directions are kept fixed. The starting point is a fiat T'^ with a 
non-trivial if-fiux on the global 3-cycle of T'^. This has a clear geometric description and 
can be constructed as a twisted doubled torus by the quotient of a group manifold Q 
corresponding to the generalized Heisenberg algebra: 

[ZiJ,] = K,uX\ [%,X^] = = [X\X^]. (3.1) 

Then we apply T-duality transformations along the various circles of the original 3-torus 
showing that the chain of dualities 

Pv 



hxyz 



t: 



xy 



zy 



j^xyz 



(3.2) 



works at the level of the gauged supergravity algebra and the corresponding doubled 
torus formulation. 

Duality transformations have a non-trivial action on the vielbeins 

E' = pU{Y')d¥', for Y' = pY. (3.3) 

Obviously such an action may transform the vielbeins away from the triangular gauge. 
However, in this example the metric 7 in (2.34) is fiat 7 = X and hence there is always 
an action U' = kU by a local 0(3) x 0(3) transformation k that brings it back to a 
triangular form. Therefore, the new generalized vielbein can always be interpreted in 
terms of a 3-dimensional vielbein and a 5-field Bij. 

A strict application of Busher's rules would require that the generalized metric 7i does 
not depend on the coordinates corresponding to the directions on which one is acting. 
Therefore, our application of these duality transformations is done at a formal level, but 
the outcome gives a picture consistent with the expectations. The T-dualities along the 
z,y and x directions of (3.2) are realized by the following matrices: 
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1/ 



(3.4) 

which belong to the compact subgroup of the full T-duality group. 

It is interesting to point out that from the gauged supergravity point of view the 
compact subgroup of the full duality group is the group of duality transformations that 
leaves any vacuum of the theory invariant. This means that the resulting gauged super- 
gravities give rise to vacua with the same properties, for instance that of having a certain 
number of moduli fixed. However, the higher dimensional interpretation changes. This 
implies that, starting from a vacuum with all moduli stabilized, one can generate other 
vacua with all moduli stabilized in this way, therefore obtaining new higher-dimensional 
backgrounds with this same property. 
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3.1.1 NS-NS /i-flux 



As in |27] the starting point is a standard flat 3-torus endowed with constant NS-NS 
fluji[^ If {x, z} are the coordinates on periodically identified with period R, the cor- 
responding doubled torus has coordinates Y = {x, y, z, x, y, z} and {x, y, z} are identified 
with period 1/R. In the following we will take R = 1 for simplicity. The metric and 
B-field read 



ds'^ = dx^ + dy'^ + dz'^ B = xdy Adz + ydz Adx + zdx A dy 



(3.5) 



and from these data we can immediately write down the generalized vielbein Uh and the 
corresponding generalized metric Hh = U'^Uh on the doubled torus 



(3.6) 
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The generalized coframe reads 

= dx, ^2 = dy, 

El = dx — zdy + ydz, E2 = dy + zdx — xdz, 
and we can verify that they satisfy the following Maurer-Cartan equations 

1 



(3.7) 



E' 
E3 



dz. 



dz + xdy — ydx, 



(3.8) 



dE' = 0, 



dEi 



■- hijkE^E^, 



(3.9) 



with /1123 = —2. These structure equations imply that the doubled torus is twisted and 
that at least locally is a group manifold. The corresponding Lie algebra is spanned by a 
set of generators {Zi,X^} obeying the following commutation relations 



[Z,, Z,] = h.,^kX\ [Z,, X^] = 0, [X\ X^] = 0, 



(3.10) 



which is exactly the gauge algebra of a string compactification on a 3-torus with constant 
flux hijk- The gauge generators Zi that originate from the metric are associated with the 



'^We should mention that such a background is not a solution of the equations of motion, however it 
can be promoted to a solution if a non-trivial dilaton is present or if we generalize it to six dimensions 
and turn on appropriate fluxes. 
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vielbeins while the dual vielbeins Ei correspond to the gauge generators X* that come 
from the reduction of the antisymmetric tensor. The X* generators are central charges 
and hence they have zero action on the curvature field strengths (X* = 0). 

The first observation here is that a different choice of gauge for the 5-field, for in- 
stance B = 3xdy A dz, would lead to a generalized coframe that doesn't satisfy the 
expected Maurer-Cartan equations. In particular the structure constants are not fully 
antisymmetric. However, consistency of the gauging implies that the metric X is an in- 
variant metric of the gauge algebra and hence the structure constants are always fully 
antisymmetric. The relation between the two choices of i? is a gauge transformation 
dA = d{xy) A dz — d{xz) A dy, which is also an element of 0(3,3) 

/ 1 \ 

1 

1 

z -y 1 
-z -2x 1 
\ y 2x 1 J 



e 



(3.ii: 



that can be applied to the right of (3.6) to recover the non-symmetric form of the 5-field. 



A second observation concerns the identifications that make the vielbeins (3.8 ) globally 
well-defined. They are 

{x + l,y + z,z- y), 
{y + l,x - z,z + x), 
{z + l,x + y,y-x), 
X + 1, 

y + i, 

z + l, 



[x,y,z) 
{y,x,z) 

{z,x,y) 



(3.12) 



X 



y 



and we see that the existence of the non-trivial -B-field is encoded in the redefinition of the 
dual coordinates by the actual coordinates, when the latter are shifted. In particular, we 
can interpret the monodromies on the dual coordinates as actions on the effective theory 
fields and check that this compactification is a well defined geometric compactification 
according to the discussion of section |2.5 This follows from the fact that the embedding 
of the gauge generators in 0(3,3) is given by Zi = —hij^P^ and corresponds to a 6 
transformation. Actually, we can explicitly see that the action of the monodromy on the 
X, y or z coordinate has to be related to a S-field gauge transformation, signalled by the 
corresponding action on the dual coordinates. For instance 



X ~ X + 1, 6E2 = E\ 6E3 = -E^ 



(3.13) 



can be interpreted as Byz —>■ Byz — 1. In this way we recover that when going around 
the §^ parameterized by x one has to perform a gauge transformation of the S-field to 
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compensate the change in (3.13) 

X ^ X + 1, B B — dy A dz. 
Similar monodromy relations are obtained for the y and z coordinates. 



(3.14) 



3.1.2 Geometric r flux 



The first duality transformation is taken along the z direction. The new vielbein then is 
Ut = PzUhPz and it reads 
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The corresponding doubled coframe is given by 

= dx, E"^ = dy, E^ = dz + xdy — ydx, 

El = dx — zdy + ydz, E2 = dy + zdx — xdz, E3 = dz, 

and the associated Maurer-Cartan equations expected, 

1 



(3.15) 



(3.16) 



dE' 



'^r;,E^AE', 



dEi = T^^E^ A Ek, 



(3.17) 



with — ~2. Again the corresponding Lie algebra matches that obtained from a string 
theory reduction with geometric flux rfg- 

[%, Z,\ = T^^Z,, [Z„ X'] = -r^.X^ [X\ X^] = 0. (3.18) 

The coframe is well-defined if we impose the following global identifications 

{x,y,z) ~ {x + l,y + z,z-y), 



{y,x,z) ~ (y + l,x - z,z + x), 

z ~ z + 1, 

X ~ X + 1, 

y ~ y + 



(3.19) 



{z,x,y) ~ {z + l,x + y,y-x). 

In this case the monodromies on the base "geometric" coordinates mix them, as expected 
for an ordinary twisted torus. We can actually read from (3.16) the corresponding metric 
and B field 



ds'^ = dx"^ + dy"^ + {dz — ydx + xdyY, B = zdx A dy. 



(3.20) 
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When projecting to the base space at 5 = 0, we see that we obtain a simple globally well 
defined twisted torus. Once more this was expected to be geometric, by inspection of 
the embedding of the generators in the duality group. The monodromies are obtained by 
e*Zj + ejX* = eWjjPk + ^i'''jk^^^ and they are of the form (2.56). The rotation on the dual 
coordinate z has to be done along with a gauge transformation B ^ B — dx A dy. In any 
case everything looks safely geometric. 

Also, this background is obviously related to the original T-dual one, but with the 
non-symmetric -B-field gauge, by a transformation Pz^Pz- This new transformation is not 
a pure gauge anymore. However it leads to the expected purely geometric background 
without any dependence on the dual coordinates. 



3.1.3 Locally geometric Q-fiux 

The application of a second T-duality along y gives a new generalized vielbein Uq 

PyUrPy-. 

/ 1 \ 

z 1 -X 

1 X 

1-5 y 

1 

\ 



Ur 



(3.21^ 



and the associated coframes read 

= dx, E"^ = dy + zdx — xdz, 

El = dx — zdy + ydz, E2 = dy, 
which satisfy the Maurer-Cartan equations 



1 / 

E^ 
E3 



dz + xdy — ydx, 
dz. 



(3.22) 



dE' = -Q'iE, A E\ 



dE,, 



(3.23) 



with Qf^ = —2. This is indeed the correct gauge algebra in the presence of Q-fiux: 

[Z„ Z,] = 0, [Z,,X^] = -QtZk, [X\X^] = Q'lXK (3.24) 
In this case, the doubled-vielbeins are not in the right triangular form, needed to read 



off the actual metric and S-field. This is achieved by acting on (3.21) from the left with 
the following 0(3) x 0(3) matrix 
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(3.25) 
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which leads to 
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(3.26) 



The identifications that make the space globally defined are 

{x,y,z) ~ {x + l,y + z,z -y), 



y 

z 



y + i, 

z + l, 



X ~ X + 1, 



(3.27) 



{y + l,x — z, z + x) 



{z,x,y) ~ {z + l,x + y,y-x). 

We see here for the first time an identification that shifts the ordinary coordinates by a 
dual one when identifying a base coordinate. This means that when identifying x ~ x + 1 
one has to also identify properly the 5-field and the metric. The action on the vielbeins 
( |3^ is indeed 

X ^ X + 1, 6E^ ~ Eg, 

and this is a /3 transformation of the form 

/ 1 



6E^ 



(3.28) 
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(3.29) 



1/ 



As explained in section 2.5 we can read the transformation required on the moduli fields 



21 



by the action on the matrix M = g + B. The result is that 
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(3.30) 



with A = —gi^\{\ — Byz)'^^gyygzz- This means that the metric and -B-field give a proper 



geometric description to the base space only if we act by (3.30) whenever a; ~ a; + 1. This 
is also clear when looking at the metric and 5-field after projecting to the base and 
setting the dual coordinates to zero: 



1 



idy^ + dz^), B 
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;dy A dz. 



(3.31) 



1 + 1 + a;^ 

Both the metric and i?-field are not well defined functions of the x coordinate, which 
is periodically identified. They give however a good global description upon using the 
identification (3.30), which for this case reduces to [271 130] : 

Byz) ~l~ 9yy9zz 

^ ' (3.32) 
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with A = (1 - 5y^)2 + QyyQzz, bccausc gxy = 9x 
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0. 



Once more, a different way to obtain (3.31) without any dependence on the dual 



coordinates is by taking the action of the duality transformations directly on the non- 
symmetric gauge for the original 5-field. This is dual to the above background by a 
PyPzQpzPy transformation. 

3.1.4 Non-geometric i?-fiux 

The third T-duality at our disposal yields the generalized metric 
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(3.33) 
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whose corresponding coframes are 

— dx + ydz — zdy, E"^ = dy + zdx — xdz, 
El = dx, E2 = dy, 



satisfying the Maurer-Cartan equations 



1 



dE' = --R'^'^Ej AEk, 



dE, = 0. 



E^ = dz + xdy — ydx, 
E3 = dz, 

(3.34) 
(3.35) 



Therefore the doubled torus indeed reahzed the gauge algebra with i?-flux: 
[Zi, Zj] = 0, [Zi, X^] = 0, [X\X^] = R^^Z\ 
A further action on the left with the following 0(3) x 0(3) transformation 
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brings the vielbein into a triangular form: 



/ 


x(i + 5') 


x{xy + z) 


x{-y + xz) 











\ 




Xixy - z) 


x(i + ^') 


X{x + yz) 
X(l + ~z') 















x{y + xz) 
-x{y^ + z") 


x{-x + yz) 















X{xy + z) 


x{-y + xz) 


1 


z 


-y 






X{xy - z) 


-X{x^ + z^) 


X{x + yz) 
-X(x2 + f) 


—z 


1 


X 




V 


x{y + xz) 


x{-x + yz) 


y 


—X 


1 


J 



hgxQyQzUR 



The global identifications of this space are 



(3.36) 



(3.37) 



(3.38) 



(3.39) 



X ~ X + 1, 

y ~ y + i, 

z ~ z 

{x,y,z) ~ {x + l,y + z,z-y), 

{y,x,z) ~ {y + l,x-z,z + x), 

{z,x,y) ~ {z + l,x + y,y - x). 

Although the naive projection to the base space may seem to yield a fiat torus with a 
trivial 5-field, the identifications required on the dual coordinates have an extreme effect 
on the field content. These identifications involve /^-transformations related to the shift 
of a base coordinate by the dual ones. If we insist on interpreting these identifications 
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as actions on the space-time fields we obtain a fully non-geometric background, because 
one has to perform identifications that entangle the metric and the 5-field, without any 
relation to a geometric action on the base coordinates. It is actually known that this 
space is isomorphic to a so-called non-associative torus [311 |32l |33] , which does not admit 
a classical geometric description even locally. 

3.1.5 A summary 

All previous examples can be grouped in a unique class of compactifications on a 3- 
torus with general flux in which the gauge generators in the adjoint representation are 



nilpotent of order two: Xj ■ Xj = 0. The doubled torus has vielbein satisfying eq. (2.11) 
with Tjj^ = —Xfj^. The previous four cases correspond to flux tensors X^m^ identified 
with -ffjj/fc, Tij^, Q.p^ and related to one another by T-duality, respectively. 
These vielbeins will follow from the left-invariant one-form 

g~^dg = U'jdY'Xj, (3.40) 

but it is also useful to define the right-invariant ones 

dgg-' = U'jdY'Xj, (3.41) 

where, due to the nilpotency of Xj, the matrices U and U are Q elements and have the 
form 

U'l = 5/+^/^XM/ = expQ/^XMy/, 

U'j = Si-^y''XM/ = exp(^-^-y^'XMy I. (3.42) 

In terms of the above matrices we can write the infinitesimal variations of Y^^ under the 
left and right action of Q: 

Left action: Y'^ = Y^ + ej^) U^'^ = Y*^ + ej^) + ^ ej^) Y^A.^v"^ , (3.43) 

Right action: Y'^^ = Y^^ + ej^) U^''' = Y*^ + ef^) - ^ ef^) Y^A.^v*' • (3.44) 

In virtue of the nilpotency of A/, the above transformation rules hold also for finite e^. 



Therefore we can use eq. (|3.43l) for integer efL = n*^, to define the action of F: 



YM _ + n^' + ^n''Y'XjN^' , (3.45) 

which will define our left quotient r\^. If we perform now a simultaneous left and right 
action with constant integer parameters n = = e(i), the effect is to independently 
shift each coordinate: 

Left/right diagonal action: Y'*^ = Y^^ + . (3.46) 
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Howeveer, the vielbein will feel only the right component of the transformation: 



E(Y' 



sn^' E(Y)^ = E(Y)^ -^n^ Xni^' E(Y)^ 



(3.47) 



The matrix s has the general form (3.45) and it can be absorbed in a corresponding 



duality of the four dimensional gij and Bij moduli according to (2.55). This led to the 
monodromies discussed above for the four cases in which Xmn^ = hijk, Tij^, Qi^'^, R'^^. 
From equation (3.47) we see that only in the two latter shift (|3.46l) in the coor- 



dinates may involve a /^-transformations. In the presence of Q-flux the (3 transformation 
may be induced by a shift ?/* — > + n* in the coordinates and (3^^ = Qk ^ , while 
in the presence of i?-flux a /3-transformation may be induced by a shift yi —>■ iji + nf. 



3.2 The flat group 

Another interesting example is given by the so-called fiat groups. These group manifolds 
were introduced in [Tj as means of generating a potential admitting a D-dimensional 
Minkowski vacuum upon reducing a, D + n-dimensional theory on a T" torus. This 
compactification is equivalent to performing first an ordinary reduction from D + n io 
D + 1 dimensions and then a Scherk-Schwarz reduction on the last compactification circle 
with a twist that depends on its coordinate and on a matrix M G so(n — 1). Splitting 
the index running on the n extra coordinates i = 0, . . . , n — 1 into a = 1, . . . , — 1 and 
0, we can write the resulting gauge algebra as 



(3.48) 



When dealing with the full reduction of a supergravity theory and not just with the gravity 
sector one has additional generators X* corresponding to the gauge vectors coming from 
the reduction of tensor fields in higher dimensions. Altogether these generators describe 
the gauge algebra 



[Zq-, Za] 



a vO 



(3.49) 



which is realized as a faithful representation on the gauge vector fields of the reduced 
theory: 



6A 
6A 



fj,a 



d^Aa + Ma'AoA^k - Ma'AbA 



(3.50) 



The role of is that of a central charge and therefore we see that in this example there 



is an abelian ideal which should be removed when embedding (3.49) inside the algebra 
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corresponding to the duality group. The algebra (3.49) is not a subalgebra of the duality 
one, namely o{n,n). However, the adjoint action of X° is trivial on all the curvatures 
and therefore the adjoint representation can be embedded in o(n, n), whose generators 
we name ti^ for the sI(?t,,]R) part and f^, tij for the so-called B and (3 transformations 
respectively. Writing the o(n, n) algebra as 



2 5ft'^\ 

the gauge generators in the adjoint representation are obtained by 



The resulting algebra is 







(3.5i: 



(3.52) 



(3.53) 



and it is a subalgebra of o{n,n) by construction. 

To construct the corresponding doubled torus, one can start from a group represen- 
tative 



g = exp(yoX°) exp(y,X'^) expd/'^Z,) exp(|/°Zo), 

and obtain the left-invariant vielbeins from 

g~^dg = (#o + y'^rfy6M,^)X° + dj/6[exp(|/°M)],^X^ + 
+dy'' [exp(-yO M)Y + rfy" = dY^' Um"" X 



(3.54) 



N ■ 



(3.55) 



The matrix U reads 



U 



/I \ 

[exp(-y° M)]^'' 

10 

\0 y^Mc" [exp(?/OM)]fc'^y 

N 



(3.56) 



As expected from the previous general discussion, the matrix U m is not an 0{n,n 



matrix and it cannot be put in the triangular form described in (2.36). However, as 



noticed in section |2.4[ one can define the dual basis to the cotangent space described by 
{dy^, dy"-} by defining: 



— ^ rfyo + y'M^^dy,, — 



(3.57) 



By using the {dy^,di} basis the vielbein E^^ can be described in terms of an 0{n,n) 
matrix which in this case is already in triangular form. It describes the vielbeins of the 
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twisted torus geometry for the flat group and a zero S-field. For instance, for a simple 
3-torus one has 

cos dy^ + sin y^ dy"^, 
— sin ?/° dy^ + cos y^ dy"^, 
dy\ 

(3-58) 



( 

E^ 
E^ 
A 
E2 

and, after identifying di = dyi, 82 = dy2 and do = dyQ — y'^dyi +y^dy2, it reduces to a tri- 
angular form. This background is definitely geometric and indeed, in the twisted doubled 
torus description, if we transform by means of an infinitesimal Q transformation 



cosy" ay I + smy" uy2, 
— sin y° dyi + cos ?/° dy2, 
dyo - y'^dyi + y^dy2 



Sy' 
Sy" 
Syo 
Sya 



eo-eay\Me-y'^%\ 

-y°M\ b 



the vielbein forms E-^ transform according to 



MN 



/ 

-eeMfe^ 
V ecMb' 














(3.59) 



-e° Mb"" J 



which is in the geometric subgroup. 



3.3 J\f = 4: gaugings and non-geometric fluxes 

The set of fluxes considered in this section, namely the physical NS-NS /i-flux, the geo- 
metric r-flux and their non-geometric counterparts Q and R, appear naturally when one 
considers toroidal compactifications of the common sector consisting of the metric and 
the B field. Therefore, it makes sense to focus on heterotic string theory whose massless 
spectrum contains no other higher rank forms (it also includes gauge fields but we neglect 
them for simplicity). A reduction of heterotic supergravity on a with any of the above 
fluxes turned-on yields a four-dimensional theory with 16 supercharges and non-abelian 
gauge fields, i.e. an A/" = 4 gauged supergravity. 

These theories have been recently constructed in full generality [31]. They are char- 
acterized by two types of embedding tensors: faijK and ^ai, where the index a denotes a 
doublet under the SL(2, M) factor of the duality group and J, J, K are in the fundamental 
of 0(6,6) and completely antisymmetrized. Notice that we consider a reduction only 
of the gravity sector, therefore we obtain 12 gauge fields rotated by the 0(6,6) duality 
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group. Reducing the gauge fields already present in 10 dimensions would result in more 
four-dimensional gauge fields and an appropriate enlargement of the duality group. 

It is convenient to set the embedding tensors f-ux and to zero, because one usu- 
ally is interested in electric gaugings, i.e. gaugings where only the electric gauge potentials 
have non-abelian interactions. Splitting the fundamental indices of 0(6,6) as J = *, j with 



1, 2, . . . , 6 and so that the metric (2.29) takes the form Xij = X*-^ = 0,li^ = I^i = Sj, 



enables us to separate the embedding tensor f+ijx into four types: 

U^Jk-^K,,, /+./~r^-, f+'h-^Qt U^^'^^R^K (3.60) 

These different types of gauging parameters correspond to the set of fluxes under consid- 
eration!^ This correspondence can be easily checked by matching the potentials of A/" = 4 
gauged supergravity with those obtained from direct reductions of heterotic supergravity 
in the case of physical and/or geometric fluxes and with their extensions, motivated by 
duality arguments, in the case of non-geometric fluxes [221 



4 M-theory reductions 

In the following we shall try to extend our analysis to M-theory reductions to four di- 
mensions. It is known that the effective theory describing the low-energy dynamics of 
M-theory (eleven dimensional supergravity [36]) on a seven-torus T"^ is an ungauged 
A/" = 8, = 4 supergravity. It was shown in [37] that the manifest GL(7, M) global 
symmetry of the four dimensional theory, associated with the T''-compactification, is en- 
hanced to an £7(7) global symmetry of the equations of motion and Bianchi identities once 
the seven 2-forms, arising from the reduction of the 3-form, are dualized to scalar fields. 
In this framework the duality group E7(7) plays the role of the group SL(2,]R) x 0(6,6) 
in the heterotic case (or of the group 0(1, 1) x 0(6, 6) if the 2-form is not dualized to a 
scalar). In contrast to this case, in which the duality action of the 0(6,6) group on the 
vector field strengths and their magnetic duals is block-diagonal, namely it does not mix 
electric with magnetic charges, the duality action of £7(7) is non-perturbative. In fact the 
electric and magnetic charges transform all together in the representation 56 of £7(7). 

The eleven dimensional origin of the various four-dimensional fields can be recovered 
by branching the corresponding £7(7) representations with respect to GL(7, M) C £7(7). 
For instance, the branching 

56 ^ 7I3 + 21_i + 7+3 + 21'+! , (4.1) 

allows us to identify the 7'_3 with the Kaluza-Klein (KK) vectors A^, {i = 1,...,7), 
the 21_i with the vectors Ajj^ originating from the eleven dimensional 3-form, and the 

^The higher-dimensional origin of the other embedding tensor was elucidated in |35j and corre- 
sponds to a reduction with a duality twist inside the 0(1,1) C SL(2,K) part of the full duality group. 
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remaining representations with the corresponding magnetic dual vector potentials. The 



electric and magnetic charges also split according to (4.1) into {p\ Pij, qi, q^^}, where 
are the quantized momenta, are the KK monopole charges while g*-' and e*i- -*5«j 

P'l j are 

the charges of M2 and M5-branes wrapped along the cycles and {ii . . . 15) of T^, 
respectively. 

In this setup, the presence of fluxes induces local symmetries in the four- dimensional 
theory, which can thus be constructed from the ungauged D = 4, Af = 8 theory by 
gauging a suitable Lie group Q. The most general gauging in the maximal four dimen- 
sional theory was discussed in [3H1 EH] • It was shown that the gauged field equations and 
Bianchi identities can be written formally in a £7(7) invariant way. This was done by 
gauging 56 gauge generators Xm, M = 1, . . . , 56, in C7(7) by means of all the 56 vector 
fields Aff = {A^, Aa/^), A = 1, . . . , 28, (which include the magnetic potentials Aa^). The 
adjoint representation of the Xm generators is required to be in the 56 of e7(7) and can 
be expanded in a basis {ta} of 67(7) generators through an embedding tensor 

Xm = ^m" ta . (4.2) 

It is useful to define the tensor Xmn^ as the matrix representation of Xm in the 56: 
Xmn^ = Om" taN^ ■ Since the representation 56 is symplectic, one can use the symplectic 
invariant matrix VL^'^^ {^mn) to raise (lower) indices. Thus if we denote by daMN = 
taM^ ^PN, the invariance of Q under ta implies daMN = daNM- The gauge generators 
close a 56 dimensional gauge algebra with structure: 

[Xm, Xj\[] = Tmn^ Xp = —Xmn^ Xp . (4.3) 

The most general deformation of the Af = 8, D = 4 theory is then encoded in the £7(7) 
covariant tensor Consistency of the gauging with J\f = 8 supersymmetry requires 

(or equivalently Xmn^) to transform in the representation 912 of £7(7). This linear 
condition can be expressed in the form X(^mnp) = 0. Besides the linear one, 6 m'^ is 



also subject to the quadratic constraint (4.3), which expresses the closure of the gauge 
algebra inside 67(7) or, equivalently, the gauge invariance of the embedding tensor itself, 
and which can be recast in the following form: 

Xmn^ Xrp^ — XpN^ Xmp^ + Xmr^ XpN^ = , (4.4) 

or equivalently, using the linear constraint, as 

n^"" Om" On" = . (4.5) 

The above condition guarantees that no more than 28 vector fields take part into the 
minimal couplings and thus prevents the theory, which involves magnetic couplings as 
well as electric ones, to suffer from locality problems. It is important to notice that the 
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tensor Xmn^ is not antisymmetric in the first two indices and thus it is not proportional 
to the structure constants. Group theoretical arguments show that the tensors X and 



T are proportional only when contracted with a gauge generator, as in eq. (4.3). As a 



consequence, eq. (4.4) does not imply the Jacobi identity for Xmn^ ■ The closest we can 



get to it is through the following identity, which can be derived using (4.4): 



X[MN] ^ X[Rp] + X[NB] ^ X[MP] ^ + X[RM] ^ X[Np^ ^ = ^ P[R Xmn] ^ ■ (4.6) 



In virtue of eq. (4.5), the right hand side of the above identity vanishes upon contraction 



with Xq and thus that the Jacobi identity holds for the commutation relation (4.3). 

The construction in j39] also requires the introduction of 133 tensor fields -B^j/q, trans- 
forming in the adjoint representation of £7(7). The resulting gauged field equations and 
Bianchi identities are globally E7(7)-invariant provided the constant tensor 6*^/" is trans- 
formed under E7(7) as well. 

At this point we wish to employ the same bottom-up approach followed in the previous 
sections and try to interpret the most general gauged D = A, N' = 8 supergravity as 
descending from an M-theory compactification on some generalized geometry manifold 
Ai. Following [9] it is natural to characterize this generalized 56 as a 56-dimensional 
space, dubbed the "megatorus", whose tangent bundle has structure group £7(7). We 
assume we are compactifying on a J^j, whose tangent and cotangent spaces are well 



defined. From (4.1) it follows that the tangent space of Ai^e should have the form |9] 

T © A^T* © A^T* © A^T , (4.7) 

T, T* denoting the tangent and cotangent space of Aij. The vielbein basis for Ai^Q 
has the form: E*^ = {E^, Eij, Ei, E^^}. Similarly we define local coordinates on Ai^Q. 
Y*^ = {y\ yij, Vi, 3^*-'}, where are local coordinates on JUj. The scalar and vector 
fields in the low energy D = A, JV = 8 theory should then arise from the following 
generalized reduction ansatz 

dS^ = nMN{x){E^ + A^){E^ + A^), (4.8) 

where 7i = U'^U is a symmetric symplectic matrix built out of the vielbein U of the scalar 
manifold E7(7)/SU8, which depends on the 70 scalars of the four dimensional theory. Now 
we wish to define a consistent deformation of the cohomology of A^se which accommodates 
the tensor Xmn^ and which reproduces the corresponding gauged supergravity in four 
dimensions. We could naively try to write a Maurer-Cartan equation of the form: 

dE^ = --r;vp'^E^AE^ = -X^P^E^AE^. (4.9) 



From equation (4.6) it follows that the above equation is not integrable and thus is incon- 
sistent. This means that the one forms E*'^ are not enough for describing the cohomology 
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of A^56- In order to write a consistent generalization of the Maurer-Cartan equations in- 
volving the most general embedding tensor, we can introduce in the cohomology of A^se 
a basis of 133 2-forms transforming in the adjoint representation of £7(7) and write 



dE^ = ^X^vp'^^E^ AE^- ^^^^"6,, (4.10) 
e^^^'dbo, = -^^^^°rf„jvpE^ A Qx^js^E^ AE^ + ^^^6/3^ . (4.11) 

The above system of equations is indeed integrable and manifestly E7(7)-covariant. 

Equation (4.5) guarantees that a symplectic rotation always exists, which can rotate 
the magnetic components 9^°' of 6'^/ " to zero. In this electric frame the 2-forms disappear 
in the derivative of E^ which reads 



Xsr^ E^ A E^ 



(4.12) 



where we have used the property X^i^^ = 0, following from the condition X(^mnp) = 0. 
The 2-forms therefore enter only into the expression of dE^- We postpone to future work a 
more detailed analysis of the geometry of AI56 and of the local embedding Aii ^ M^e- 
The scalar potential induced by the generalized fluxes Xmn^ takes a form similar to 
(2.12): 

V = XMN''XpQ'n''''n'^'^nRs + iXmn"^ Xpq'^h'''', (4.i3) 

where TCmn is now the symmetric 56 x 56 matrix that contains the 70 scalar fields of the 
N = 8 theory. 

The known form and geometric fluxes can be identified with different components 
of the most general embedding tensor under the branching of the 912 with respect to 
GL(7,M): 

912 ^ 1_7 + 1+7 + 35_5 + 35^5 + (140' + r)-3 + (140 + 7)+3 + 21_i + 21^1 + 

28_i + 28+1 + 224_i + 224'+! . (4-14) 

Each representation in the above branching is arranged in the table below together with 
the corresponding tensor representation. 



1+7 


97 


(140 + 7)+3 


r}k + S)n 


28_i 




1 7 


97 


(140' + 7')_3 


Qf + SjQ' 


28'+i 




35 5 


j^ijkl 


224 1 


fjkl 


21 1 




35'+5 


9ijkl 


224'+i 




21'+i 





Table I: flux representations under the GL{7,'R) decomposition of -£^7(7). 
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The component g-j if the flux of the 7-form field strength across T'', while g-j represents the 
four dimensional space-time components of the 4-form field strength. The internal flux of 
the 4-form field strength is gijki while Tij^ is the twist of the torus. All the components in 
Table I are part of a single irreducible representation of £7(7) and therefore are mapped 
into one another by string/M-theory dualities. We can also see that many new "non- 
geometric" fluxes may appear. 

Let us end this section by illustrating how the above scheme naturally includes the 
known S0(8)-gauging |1D] arising from the M-theory compactification on a seven-sphere 
S*^ and the CSO(p, g, r)-gaugings + g -|- r = 8) conjectured to originate from the non- 
compactification on a hyperboloid [HlllJ]. We notice [20] that the tensors 6'(jj) (28_i), 
(7+3) and gi ( I+7) in Table I can be viewed as components of a symmetric 8x8 matrix 
6ab = Oba, a, B = 1, ... ,8, in the 36 of SL(8, M) C £7(7), according to the branching 

36 ^ 1+7 + 7+3 + 28_i . (4.15) 

We can rotate the magnetic components of the embedding tensor to zero through the 
symplectic rotation which derives from the dualization Aij ^ ^ A^. In the resulting 
electric frame the gauge generators have the form Xab = {Xi, Xij} and are gauged by 



the electric vector potentials A"^ in the 28' of SL(8, M). Using eq. (4.12 ) we find that the 



electric components E"^^ of the vielbein E*^ close the following Maurer-Cartan equation 

dE^^ = ^cdE^^AE^^. (4.16) 

These are the Maurer-Cartan equations of the CSO(p, q, r) group, where p, g, r define the 
SL(8,]R) conjugacy classes of Oab- Indeed the matrix 6ab, through an SL(8,]R) rotation, 
can be brought to the following diagonal form: 

P q r 

Oab = diag(+Tr^^7+T, ^TT^^T^, C^) • (4.17) 
The case g = r = 0, p = 8 corresponds to the S0(8) gauging in which 9ab = ^ab- 
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